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We investigate the charm quark system using the relativistic heavy quark action on 2þ 1 flavor
PACS-CS configurations previously generated on 323  64 lattice. The dynamical up, down, and strange
quark masses are set to the physical values by using the technique of reweighting to shift the quark-
hopping parameters from the values employed in the configuration generation. At the physical point, the
lattice spacing equals a1 ¼ 2:194ð10Þ GeV and the spatial extent L ¼ 2:88ð1Þ fm. The charm quark
mass is determined by the spin-averaged mass of the 1S charmonium state, from which we obtain
mMScharmð ¼ mMScharmÞ ¼ 1:260ð1Þð6Þð35Þ GeV, where the errors are due to our statistics, scale determina-
tion and renormalization factor. An additional systematic error from the heavy quark is of order
2sfðmQaÞðaQCDÞ, fðmQaÞðaQCDÞ2, which are estimated to be a percent level if the factor fðmQaÞ
analytic in mQa is of order unity. Our results for the charmed and charmed-strange meson decay constants
are fD ¼ 226ð6Þð1Þð5Þ MeV, fDs ¼ 257ð2Þð1Þð5Þ MeV, again up to the heavy quark errors of order
2sfðmQaÞðaQCDÞ, fðmQaÞðaQCDÞ2. Combined with the CLEO values for the leptonic decay widths,
these values yield jVcdj ¼ 0:205ð6Þð1Þð5Þð9Þ, jVcsj ¼ 1:00ð1Þð1Þð3Þð3Þ, where the last error is because of
the experimental uncertainty of the decay widths.
DOI: 10.1103/PhysRevD.84.074505 PACS numbers: 12.38.Gc
I. INTRODUCTION
Precise determination of the Cabibbo-Kobayashi-
Maskawa (CKM) quark-mixing matrix is an indispensable
step to establish the validity range of the standard model,
and to search for new physics at higher energy scales.
Lattice QCD has been making steady progress in this
direction. For the matrix elements such as jVudj and jVusj
in the first row which involve only light quarks, dynamical
simulations including up, down, and strange quarks have
reached the point where the relevant pseudoscalar meson
decay constants and form factors are being determined at
subpercent precision. On the other hand, for jVcdj in the
second row, the precision of the lattice QCD calculation for
the decay constants and form factors is still at 5% to 10%
level. This is not clearly superior to nonlattice QCD deter-
minations. Indeed, the estimate quoted in Particle Data
Group (PDG) 2010, jVcdj ¼ 0:230ð11Þ [1] with an accu-
racy of 5%, is obtained from neutrino and antineutrino
experiments.1 Much effort is needed on the part of lattice
QCD toward a better precision in the charm sector.
One of the difficultieswith the charmquark in latticeQCD
simulations at a typical cutoff a1  2 GeV resides in sig-
nificant cutoff errors due to the charmquarkmass. The heavy
quark mass correction ismQaOð1Þ, and hence it is desir-
able to control mQa errors to achieve an accuracy of a few
percent. The Fermilab action [2] and the relativistic heavy
quark action [3,4] have been proposed to meet this goal. The
relativistic heavy quark action removes the leading cutoff
errors of OððmQaÞnÞ and the next to leading effects of
OððmQaÞnðaQCDÞÞ with arbitrary order n, once all of the
parameters in the heavy quark action are determined non-
perturbatively. In the presentwork,we employ the relativistic
formalism of Ref. [3] to explore the charm quark system.
Another source that prevents precise evaluations in lat-
tice QCD is the error associated with chiral extrapolations
in the light quark masses. This problem has been increas-
ingly alleviated through progress toward simulations with
lighter and lighter dynamical quark masses and sophisti-
cated application of chiral perturbation theory techniques.
The acceleration of dynamical lattice QCD simulation
using multitime steps for infrared and ultraviolet modes
[5,6] has made it possible to run simulations with light up,
down, and strange quark masses around their physical
values [7]. In such simulations, uncertainties due to chiral
extrapolations are drastically reduced.
1jVcsj is hard to be estimated from neutrino and antineutrino
experiments, jVcsj ¼ 0:94þ0:320:26  0:13 [1]. Lattice QCD results
are needed for precise determination of jVcsj.
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In fact, we can proceed one more step and reweight [8]
dynamical simulations such that dynamical quark masses
take exactly the physical values. A potential difficulty with
dynamical lattice QCD is a large fluctuation of quark
determinant ratios necessary for reweighting. We have
demonstrated the feasibility of this procedure in Ref. [9]
by reweighting a set of PACS-CS configurations withm ¼
152ð6Þ MeV and mK ¼ 509ð2Þ MeV to those with m ¼
135ð6Þ MeV and mK ¼ 498ð2Þ MeV. Once the reweight-
ing is successfully made, ambiguities associated with chiral
extrapolations are completely removed. In the present
work, we employ the reweighting factors and the set of
original dynamical configurations employed in Ref. [9].
Hence, our light quark masses sit at the physical point.
In this paper, we present our work for the charm quark
system treated with the relativistic heavy quark formalism
[3] on the 2þ 1 dynamical flavor PACS-CS configurations
of 323  64 lattice generated with the Wilson-clover quark
and reweighted to the physical point for up, down, and
strange quark masses. The lattice spacing is estimated as
a1 ¼ 2:194ð10Þ GeV. We measure the masses and decay
constants of charmonia, charmed mesons and charmed-
strange mesons. We then calculate the charm quark mass
and the CKM matrix elements.
This paper is organized as follows. Section II explains
our method and simulation parameters. Section III de-
scribes our results for the charmonium spectrum and the
charm quark mass. In Sec. IV, we show our charmed meson
and charmed-strange meson spectrum. Section V is devoted
to present our pseudoscalar decay constants and the CKM
matrix elements. Our conclusions are given in Sec. VI.
II. SET UP
Our calculation is based on a set of Nf ¼ 2þ 1 flavor
dynamical lattice QCD configurations generated by the
PACS-CS Collaboration [9] on a 323  64 lattice using
the nonperturbatively OðaÞ-improved Wilson quark action
with cNPSW ¼ 1:715 [10] and the Iwasaki gauge action [11] at
 ¼ 1:90. The aggregate of 2000 MD time units were
generated at the hopping parameter given by ð0ud; 0sÞ ¼
ð0:137 785 00; 0:136 600 00Þ, and 80 configurations at
every 25 MD time units were used for measurements. We
then reweight those configurations to the physical point
given by ðud; sÞ ¼ ð0:137 796 25; 0:136 633 75Þ. The
reweighting shifts the masses of  and K mesons from
m ¼ 152ð6Þ MeV and mK ¼ 509ð2Þ MeV to m ¼
135ð6Þ MeV and mK ¼ 498ð2Þ MeV, with the cutoff at
the physical point estimated to be a1 ¼ 2:194ð10Þ GeV.
Observables at the physical point are evaluated through
the formula
hO½Uðud;sÞiðud;sÞ ¼
hO½Uðud;sÞRud½URs½Uið0
ud
;0s Þ
hRud½URs½Uið0
ud
;0s Þ
;
(2.1)
where the reweighting factors are defined as
Rud½U ¼
det

Dud½U
D0
ud
½U

2
; (2.2)
Rs½U ¼ det

Ds½U
D0s ½U

; (2.3)
and Dq½U is the Wilson-clover quark operator with the
hopping parameter q. We refer to Ref. [9] for details of
our evaluation of the determinant ratio. Our parameters and
statistics at the physical point are collected in Table I.
The relativistic heavy quark formalism [3] is designed to
reduce cutoff errors ofOððmQaÞnÞ with arbitrary order n to
OðfðmQaÞðaQCDÞ2Þ, once all of the parameters in the
relativistic heavy quark action are determined nonpertur-
batively, where fðmQaÞ is an analytic function around the
massless point mQa ¼ 0. The action is given by
SQ ¼
X
x;y
QxDx;yQy; (2.4)
Dx;y¼xyQ
X
i
½ðrsiÞUx;ixþi^;yþðrsþiÞUyx;ix;yþi^
Q½ðrt4ÞUx;4xþ4^;yþðrtþ4ÞUyx;4x;yþ4^
Q

cB
X
i;j
FijðxÞ	ijþcE
X
i
Fi4ðxÞ	i4

xy; (2.5)
where Q is the hopping parameter for the heavy quark.
The parameters rt, rs, cB, cE, and  are adjusted as follows.
We are allowed to choose rt ¼ 1, and we employ a
one-loop perturbative value for rs [12]. For the clover
coefficients cB and cE, we include the nonperturbative
contribution in the massless limit cNPSW for three-flavor
dynamical QCD [10], and calculate the heavy quark
mass-dependent contribution to one-loop order in pertur-
bation theory [12] according to
cB;E ¼ ðcB;EðmQaÞ  cB;Eð0ÞÞPT þ cNPSW: (2.6)
The parameter  is determined nonperturbatively to
reproduce the relativistic dispersion relation for the spin-
averaged 1S states of the charmonium. Writing
Eð ~pÞ2 ¼ Eð~0Þ2 þ c2effj ~pj2; (2.7)
for j ~pj ¼ 0, (2=L), ﬃﬃﬃ2p ð2=LÞ, and demanding the effec-
tive speed of light ceff to be unity, we find  ¼ 1:1450511,
TABLE I. Simulation parameters. MD time is the number of
trajectories multiplied by the trajectory length.
 ud s # conf MD time
1.90 0.137 796 25 0.136 633 75 80 2000
Y. NAMEKAWA et al. PHYSICAL REVIEW D 84, 074505 (2011)
074505-2
with which we have ceff ¼ 1:002ð4Þ. Our dispersion
relation is shown in Fig. 1 and Table. II. It is noted that
the cutoff error of 2sfðmQaÞðaQCDÞ remains, in addition
to fðmQaÞðaQCDÞ2, due to the use of one-loop perturba-
tive values in part for the parameters of our heavy quark
action.
We tune the heavy quark hopping parameter to repro-
duce an experimental value of the mass for the spin-
averaged 1S states of the charmonium, given by
Mð1SÞexp ¼ ðM
c þ 3MJ=c Þ=4 ¼ 3:0678ð3Þ GeV½1:
(2.8)
Since the lattice spacing is given by  baryon mass, we
match mð1SÞlata ¼ mð1SÞlat=mlat toMð1SÞexp=Mexp for de-
termination of the hopping parameter of the charm quark,
charm. mð1SÞlat and mlat are measured on the same con-
figuration set. This leads to charm ¼ 0:109 599 47 for
which our lattice QCD measurement yields the value
mð1SÞlat ¼ 3:067ð1Þð14Þ GeV, where the first error is sta-
tistical from mð1SÞlat, and the second is from mlat . There is
no systematic error which requires an additional calcula-
tion of observables at different  shifted from charm by the
error. Our parameters for the relativistic heavy quark action
are summarized in Table III.
We use the following standard operators to obtain meson
masses,
Mfg ðxÞ ¼ qfðxÞqgðxÞ; (2.9)
where f, g are quark flavors and  ¼ I, 5, , i5,
i½; =2. The meson correlators are calculated with a
point and exponentially smeared sources and a local sink.
The smearing function is given by ðrÞ ¼ A expðBrÞ at
r  0 andð0Þ ¼ 1. We set A ¼ 1:2, B ¼ 0:07 for the ud
quark, A ¼ 1:2, B ¼ 0:18 for the strange quark, and
A ¼ 1:2, B ¼ 0:55 for the charm quark. The number of
source points is quadrupled and polarization states are
averaged to reduce statistical fluctuations. Statistical errors
are analyzed by the jackknife method with a bin size of
100 MD time units (4 configurations), as in the light
quark sector [9].
We extract meson masses by fitting correlators with a
hyperbolic cosine function. For charmonium, Fig. 2 shows
effective masses, from which we choose the fitting range to
be ½tmin; tmax ¼ ½10; 32. Similarly, Figs. 3 and 4 represent
effective masses for charmed mesons and charmed-strange
mesons. We employ the fitting range ½tmin; tmax ¼ ½14; 20
for pseudoscalar mesons, and ½tmin; tmax ¼ ½10; 20 for the
other channels.
We calculate the decay constant fPS of the heavy-light
pseudoscalar meson using the improved axial vector
current Aimp4 .
ifPSp ¼ h0jAimp jPSðpÞi; (2.10)
Aimp4 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
2q
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Q
q
ZA4f qðxÞ45QðxÞ
þ cþA4@þ4 ½ qðxÞ5QðxÞ þ cA4@4 ½ qðxÞ5QðxÞg;
(2.11)
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FIG. 1. Dispersion relations for 1S states of charmonium in pseudoscalar (left panel) and vector channel (right panel).
TABLE II. Dispersion relations for the 1S states of charmo-
nium.
p ¼ ð2=LÞ p ¼ ﬃﬃﬃ2p ð2=LÞ
EðpÞ2  Eðp ¼ 0Þ2ðPSÞ 0.0387(3) 0.0778(7)
EðpÞ2  Eðp ¼ 0Þ2ðVÞ 0.0387(3) 0.0772(8)
TABLE III. Parameters for the relativistic heavy quark action.
charm  rs cB cE
0.10959947 1.145 051 1 1.188 160 7 1.984 913 9 1.781 951 2
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where jPSi is the pseudoscalar meson state and @ is the
lattice forward and backward derivative. For the renormal-
ization factor ZA4 and the improvement coefficients of the
axial current cþA4 and c

A4
, we employ one-loop perturbation
theory to evaluate the mass-dependent contributions [13],
adding the nonperturbative contributions in the chiral
limit by
cþA4 ¼ ðcþA4ðmQaÞ  cþA4ð0ÞÞPT þ cNPA ; (2.12)
ZA4 ¼ ðZA4ðmQaÞ  ZA4ð0ÞÞPT þ ZNPA ; (2.13)
with cNPA ¼ 0:038 761 06 [14] and ZNPA ¼ 0:781ð20Þ [15].
The one-loop mass-dependent contributions are
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FIG. 2. Effective masses for charmonium.
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ðcþA4ðmQaÞ  cþA4ð0ÞÞPT ¼ 0:009 643 83 and ðZA4ðmQaÞ 
ZA4ð0ÞÞPT ¼ 0:289 for mQa ¼ mcharma. We note that
ZNPA has been updated from that in Ref. [9]. It gives
f ¼ 113:2ð7:8Þð2:9Þ MeV, fK ¼ 150:9ð3:1Þð3:9Þ MeV.
The bare quark mass is determined through the axial
vector Ward-Takahashi identity,
mAWIf þmAWIg ¼ mPS
h0jAimp4 jPSi
h0jPjPSi ; (2.14)
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FIG. 3. Effective masses for charmed mesons.
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FIG. 4. Effective masses for charmed-strange mesons.
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where P is the pseudoscalar meson operator. The renor-
malized quark mass in the MS scheme is given by
mMSf ðÞ ¼ ZmðÞmAWIf : (2.15)
Similar to the case of ZA4 , the renormalization factor for
the quark mass at the renormalization scale , ZmðÞ, is
nonperturbatively determined at the massless point,
ZmðÞ ¼ ðZmðmQaÞ  Zmð0ÞÞPTðÞ þ ZNPm ðÞ; (2.16)
with ZNPm ð ¼ 1=aÞ ¼ 1:308ð35Þ [15]. The one-loop mass-
dependent contribution is ðZmðmQaÞ  Zmð0ÞÞPTðÞ ¼
0:048 for mQa ¼ mcharma. The charm quark mass is
then evolved to  ¼ mMScharm using Nf ¼ 3 or Nf ¼ 4
four-loop beta function [16].
III. CHARMONIUM SPECTRUM AND
CHARM QUARK MASS
Our results for the charmonium spectrum on the physical
point are summarized in Fig. 5 and Table IV. Within the
error of 0.5% to 1%, the predicted spectrum is in reason-
able agreement with experiment.
Let us consider the 1S states more closely. Since these
states are employed to tune the charm quark mass, the
central issue here is the magnitude of the hyperfine split-
ting. Our result mJ=c m
c ¼ 0:108ð1Þð0Þ GeV, where
the first error is statistical and the second error is from
the scale determination, is 7% smaller than the experimen-
tal value of 0.117 GeV. In Fig. 6, we compare the present
result on Nf ¼ 2þ 1 flavor dynamical configurations
with previous attempts on Nf ¼ 2 dynamical and
quenched configurations using the same heavy quark for-
malism and the Iwasaki gluon action [17]. Other results by
recent lattice QCD simulations by Fermilab lattice and
MILC Collaborations [18], HPQCD and UKQCD
Collaborations [19] are also plotted. We observe a clear
trend that incorporation of dynamical light quark effects
improves the agreement.
We should note that we have not evaluated our system-
atic errors for the hyperfine splitting, yet. The continuum
extrapolation needs to be performed. A naive order count-
ing implies that the cutoff effects of Oð2sfðmQaÞ
ðaQCDÞ; fðmQaÞðaQCDÞ2Þ from the relativistic heavy
-0.40
-0.20
0.00
0.20
0.40
0.60
m
-m
(1S
)[G
eV
]
ηc J/ψ χ0 χ1 hc
Experiment
This work
FIG. 5. Our results for the charmonium mass spectrum.
TABLE IV. Charmonium spectrum in GeV units. The first
error is statistical, and the second is from the scale determina-
tion. Experimental data are also listed [1].
JPC  operator Lattice Experiment
m
c [GeV] 0
þ 5 2.986(1)(13) 2.980(1)
mJ=c [GeV] 1
 i 3.094(1)(14) 3.097(0)
mc0 [GeV] 0
þþ I 3.444(33)(15) 3.415(0)
mc1 [GeV] 1
þþ i5 3.506(30)(15) 3.511(0)
mhc [GeV] 1
þ ij 3.510(42)(15) 3.525(0)
0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13
mJ/ψ − mηc
Experiment
HPQCD and UKQCD(Nf=2+1,a=0)
Fermilab+MILC(Nf=2+1,a=0)
This work(Nf=2+1,a−1=2.2 GeV)
CP-PACS(Nf=2,a=0)
CP-PACS(Nf=0,a−1=2.0 GeV)
FIG. 6. Hyperfine splitting of the charmonium with different
number of flavors.
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FIG. 7. Comparison of the charm quark mass. The charm
quark mass is obtained at  ¼ a1, and evolved to  ¼
mMScharm using four-loop beta function [16]. We employ Nf ¼ 4
running in this plot.
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quark action are at a percent level. Another aspect is that
dynamical charm quark effects and disconnected loop
contributions, albeit reported to give a shift of only a few
MeV [20], are not included in the present work. Additional
calculations are needed to draw a definite conclusion for
the hyperfine splitting of the charmonium spectrum. We
leave it for a future work.
Using Eq. (2.15), the charm quark mass is obtained as
mMScharmð ¼ mMScharm; Nf ¼ 3 runningÞ
¼ 1:260ð1Þð6Þð35Þ GeV; (3.1)
mMScharmð ¼ mMScharm; Nf ¼ 4 runningÞ
¼ 1:249ð1Þð6Þð35Þ GeV; (3.2)
where the first error is statistical, the second is from the
scale determination, and the third from uncertainty in the
renormalization factor. The systematic error due to the
heavy quark of Oð2sfðmQaÞðaQCDÞ; fðmQaÞðaQCDÞ2Þ
will be estimated by using data on finer lattices in the
future. Figure 7 compares our result with a recent
Nf ¼ 2þ 1 lattice QCD estimation by the HPQCD
Collaboration [21] in the continuum limit, which uses the
HISQ form of the staggered quark action for the heavy
quark on the MILC dynamical configurations. Another
result by ETM Collaboration with the twisted mass quarks
is also plotted [22]. In addition to lattice QCD determina-
tions, recent continuum results using the Heavy Quark
Expansions(HQE) [23], as well as sum rules [24], are
shown. All these results are consistent.
IV. CHARMED MESON AND
CHARMED-STRANGE MESON SPECTRUM
We calculate the charmed meson and charmed-strange
meson masses which are stable on our lattice with the
spatial size of L ¼ 2:88ð1Þ fm and a lattice cutoff of a1 ¼
2:194ð10Þ GeV. The D and Ds meson decay channels are
not open in our lattice setup.Ds0 andDs1 meson masses are
below the DK threshold [1] but above the Ds threshold.
Their decays, however, are prohibited by the isospin sym-
metry. On the other hand,D0 andD1 meson masses are not
computed since their decay channels are open, and there-
fore a calculation involving D contributions is needed.
Our results are summarized in Fig. 8 and in Tables Vand
VI. All our values for the heavy-light meson quantities are
predictions, because the physical charm quark mass has
already been fixed with the charmonium spectrum. The
experimental spectrum are reproduced in 2	 level. The
potential model predicts the Ds0 meson mass is above
theDK threshold [25], which deviates from the experiment
significantly.2 But, our result does not indicate such a large
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FIG. 8. Our results for charmed meson masses (left panel) and charmed-strange meson masses (right panel) normalized by the
experimental values.
TABLE V. Charmed meson mass spectrum in GeV units. The
first error is statistical, and the second is from the scale deter-
mination. Experimental data are also listed [1].
JP  operator Lattice Experiment
mD[GeV] 0
 5 1.871(10)(8) 1.865(0)
mD [GeV] 1
 i 1.994(11)(9) 2.007(0)
TABLE VI. Charmed-strange meson mass spectrum in GeV
units. The first error is statistical, and the second is from the scale
determination. Experimental data are also listed [1].
JP  operator Lattice Experiment
mDs [GeV] 0
 5 1.958(2)(9) 1.968(0)
mDs [GeV] 1
 i 2.095(3)(10) 2.112(1)
mD
s0
[GeV] 0þ I 2.335(35)(10) 2.318(1)
mDs1 [GeV] 1
þ i5 2.451(28)(11) 2.460(1) 2For a recent review, see Ref. [26].
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difference from the experimental value. A similar result is
obtained in other lattice QCD calculations [27,28]. TheDs0
meson mass is below the DK threshold. It should be
noticed that our calculation does not cover DK scattering
states yet. DK contamination for Ds0 and Ds1 meson
masses can be considerably large. Further analysis is re-
quired to validate our results for Ds0 and Ds1 meson
spectrum.
We compare our results for the hyperfine splittings
mD mD and mDs mD with experiments in Fig. 9,
where we also plot our previous results for Nf ¼ 2 and
quenched QCD [17]. The deviation from the experimental
value is 1:2	 for charmed mesons, and 2:3	 for charmed-
strange mesons.
Figure 10 represents mass differences between a
charmed meson and charmonium, as well as those between
a charmed-strange meson and charmonium, where mð DÞ is
the spin-averaged mass of D and D mesons, and mð DsÞ is
that of Ds and D

s mesons. The result by Fermilab lattice
and MILC Collaborations [18] is also plotted for compari-
son. While the mass difference for the charmed meson
agrees with the experimental value well, that for the
charmed-strange meson is 3% smaller, 2:6	 deviation.
This result suggests necessity of continuum extrapolations.
V. CHARMED MESON AND CHARMED-STRANGE
MESON DECAY CONSTANTS AND CKM
MATRIX ELEMENTS
Table VII presents our estimate of the pseudoscalar
decay constants for D and Ds mesons. The error budgets
are compiled in Table VIII. Figure 11 shows the
0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.22
mD*- mD [GeV]
Experiment
Nf = 2+1 (a-1=2.2 GeV)
Nf = 2 (a=0)
0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.22
mDs*- mDs [GeV]
Experiment
Nf = 2+1 (a-1=2.2 GeV)
Nf = 2 (a=0)
Nf = 0 (a-1=2.0 GeV)
FIG. 9. Our results for the hyperfine splittings of charmed meson (left panel) and charmed-strange meson (right panel).
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1.15
1.20
1.25
2m(D)−m(1S) 2m(Ds)−m(1S) [GeV]
Experiment
This work(Nf=2+1,a−1=2.2 GeV)
Fermilab+MILC(Nf=2+1,a=0)
FIG. 10. Mass difference between a charmed meson and char-
monium, as well as that between a charmed-strange meson and
charmonium. mð DÞ is the spin-averaged mass of D and D
mesons, and mð DsÞ is that of Ds and Ds mesons.
TABLE VII. Our results for decay constants of D meson and
Ds meson. The first error is statistical, the second is from the
scale determination, and the third is from the renormalization
factor. Experimental data are also listed [1].
Lattice Experiment
fD[MeV] 226(6)(1)(5) 206.7(8.9)
fDs [MeV] 257(2)(1)(5) 257.5(6.1)
fDs=fD 1.14(3)(0)(0) 1.25(6)
TABLE VIII. Error budgets for fD and fDs . Finite volume
effects are evaluated using the heavy meson chiral perturbation
theory [29]. Discretization errors are estimated by the naive
order counting.
Error fD fDs
Statistics 3% 1%
Scale uncertainties 0 0
Renormalization 2 2
Finite volume 0 0
Discretization 6 5
Total 7% 5%
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experimental values [1] and our decay constants, as well as
three recent lattice QCD results: HPQCD and UKQCD
Collaboration [21] using HISQ heavy quark on the MILC
staggered dynamical configurations, Fermilab lattice and
MILC group [30] using the Fermilab heavy quark on the
MILC configurations, and ETM Collaboration [31] who
uses the twisted mass formalism. Our value for fDs is in
accordance with experiment, while that for fD is somewhat
larger. Comparing four sets of lattice determinations, we
observe, both for fD and fDs , an agreement between our
values and those of the Fermilab group, while there seems
to be a discrepancy between our values and those by
the HPQCD and UKQCD Collaboration and ETM
Collaboration, though continuum extrapolation is needed
on our part.
We plot the ratio of fDs to fD in Fig. 12. Uncertainties
coming from the renormalization factors cancel out, and
that of the lattice cutoff to some extent. Our result is
slightly smaller, but still Nf ¼ 2þ 1 lattice results are
mutually consistent within the errors of a few percent.
Estimating the CKM matrix elements
The standard model relates jVcdj to the leptonic decay
width of the D meson ðD! lÞ by
ðD! lÞ ¼ G
2
F
8
f2Dm
2
l mD

1 m
2
l
m2D

2jVcdj2; (5.1)
where GF is the Fermi coupling constant, and ml is the
lepton mass in the final state. A lattice determination of the
Dmeson decay constant fD with the experimental value of
ðD! lÞ gives jVcdj. jVcsj can be obtained in the same
way.
We estimate jVcdj from our D meson mass and decay
constant with the CLEO value of ðD! lÞ [32]. Up to
our heavy quark discretization error of Oð2sfðmQaÞ
ðaQCDÞ; fðmQaÞðaQCDÞ2Þ, we obtain
jVcdjðlatticeÞ ¼ 0:205ð6Þð1Þð5Þð9Þ; (5.2)
where the first error is statistical, the second is due to the
scale determination, the third is uncertainty of the renor-
malization factor, and the fourth represents the experimen-
tal error of the leptonic decay width. For comparison, the
PDG value given by jVcdj ¼ 0:230ð11Þ [1] is about 10%
larger (see Fig. 13).
Similarly, using the CLEO value of ðDs ! lÞ [33], we
find
jVcsjðlatticeÞ ¼ 1:00ð1Þð1Þð3Þð3Þ; (5.3)
as compared to jVcsj ¼ 1:02ð4Þ from PDG [1].
0.18 0.19 0.20 0.21 0.22 0.23 0.24 0.25 0.26
fD
Experiment
This work(Nf=2+1,a−1=2.2 GeV)
HPQCD+UKQCD(Nf=2+1,a=0)
Fermilab+MILC(Nf=2+1,a=0)
ETMC(Nf=2,a=0)
0.22 0.23 0.24 0.25 0.26 0.27 0.28 0.29 0.30
fDs
Experiment
This work(Nf=2+1,a−1=2.2 GeV)
HPQCD+UKQCD(Nf=2+1,a=0)
Fermilab+MILC(Nf=2+1,a=0)
ETMC(Nf=2,a=0)
FIG. 11. Comparison of pseudoscalar decay constants for the charmed meson (left panel) and charmed-strange meson (right panel).
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fDs / fD
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Fermilab+MILC(Nf=2+1,a=0)
ETMC(Nf=2,a=0)
FIG. 12. Ratios of pseudoscalar decay constants for the
charmed meson and charmed-strange meson.
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For completeness, we also record the ratio jVcsj=jVcdj in
Fig. 14, for which the systematic errors are partially
dropped out.
jVcsj
jVcdj
ðlatticeÞ ¼ 4:87ð14Þð0Þð0Þð27Þ: (5.4)
The PDG value is jVcsj=jVcdj ¼ 4:45ð26Þ.
VI. CONCLUSION
We have reported our study of the charm quark system in
Nf ¼ 2þ 1 dynamical lattice QCD. Although carried out
at a finite lattice spacing of a1 ¼ 2:194ð10Þ GeV, our
results for the spectra of mesons involving charm quarks
are consistent with experiment at a percent level, and so are
those for the decay constants within a few percent accu-
racy. These results indicate that the heavy quark mass
correctionmQa in the charm quark system is under control
by the relativistic heavy quark formalism of Ref. [3]. Of
course, the continuum extrapolation and further reductions
of statistical noises are required to obtain the result com-
petitive with other approaches in the literature.
From methodological point of view, we have shown that
the realistic heavy quark simulations with the light dy-
namical quark masses precisely tuned to the physical val-
ues are feasible. With the technique of reweighting,
configuration generations are needed to be carried out
approximately around the physical point, and a residual
fine-tuning to reach the physical point only requires a much
less time consuming evaluation of the quark determinant
ratios. Combined with the PACS-CS configuration genera-
tion at a smaller lattice spacing of a1  3 GeV underway,
we hope to return to the issue of continuum extrapolation
for the charm quark system in the future.
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FIG. 14. Ratio of the CKM matrix elements, jVcsj and jVcdj.
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FIG. 13. Comparison of the CKM matrix elements, jVcdj (left panel) and jVcsj (right panel).
Y. NAMEKAWA et al. PHYSICAL REVIEW D 84, 074505 (2011)
074505-10
[1] K. Nakamura et al. (Particle Data Group), J. Phys. G 37,
075021 (2010).
[2] A. X. El-Khadra et al., Phys. Rev. D 55, 3933 (1997);
M.B. Oktay and A. S. Kronfeld, Phys. Rev. D 78, 014504
(2008).
[3] S. Aoki et al., Prog. Theor. Phys. 109, 383 (2003).
[4] N. H. Christ et al., Phys. Rev. D 76, 074505 (2007).
[5] M. Lu¨scher, J. High Energy Phys. 05 (2003) 052; Comput.
Phys. Commun. 165, 199 (2005).
[6] M. Hasenbusch, Phys. Lett. B 519, 177 (2001); M.
Hasenbusch and K. Jansen, Nucl. Phys. B659, 299 (2003).
[7] S. Aoki et al. (PACS-CS Collaboration), Phys. Rev. D 79,
034503 (2009).
[8] A.M. Ferrenberg and R.H. Swendsen, Phys. Rev. Lett. 61,
2635 (1988).
[9] S. Aoki et al. (PACS-CS Collaboration), Phys. Rev. D 81,
074503 (2010).
[10] S. Aoki et al. (CP-PACS and JLQCD Collaborations),
Phys. Rev. D 73, 034501 (2006).
[11] Y. Iwasaki, Rep. No. UTHEP-118, 1983.
[12] S. Aoki et al., Nucl. Phys. B697, 271 (2004).
[13] S. Aoki et al., Nucl. Phys. B689, 127 (2004).
[14] T. Kaneko et al. (CP-PACS/JLQCD and ALPHA
Collaboration), J. High Energy Phys. 04 (2007) 092.
[15] S. Aoki et al. (PACS-CS Collaboration), J. High Energy
Phys. 08 (2010) 101.
[16] K. G. Chetyrkin, Phys. Lett. B 404, 161 (1997); J. A.M.
Vermaseren et al., Phys. Lett. B 405, 327 (1997).
[17] Y. Kayaba et al. (CP-PACS Collaboration), J. High Energy
Phys. 02 (2007) 019; Y. Kayaba, Ph.D. thesis, University
of Tsukuba, 2005.
[18] T. Burch et al. (Fermilab Lattice and MILC
Collaboration), Phys. Rev. D 81, 034508 (2010).
[19] E. Follana et al. (HPQCD and UKQCD Collaboration),
Phys. Rev. D 75, 054502 (2007).
[20] C. McNeile et al. (UKQCD Collaboration), Phys. Rev. D
70, 034506 (2004); P. de Forcrand et al. (QCD-TARO
Collaboration), J. High Energy Phys. 08 (2004) 004; C.
Ehmann and G. S. Bali, Proc. Sci., LAT2008 (2008) 114;
L. Levkova and C. E. DeTar, Phys. Rev. D 83, 074504
(2011).
[21] E. Follana et al. (HPQCD and UKQCD Collaboration),
Phys. Rev. Lett. 100, 062002 (2008); C. McNeile et al.
(HPQCD Collaboration), Phys. Rev. D 82, 034512 (2010);
C. T.H. Davies et al., Phys. Rev. D 82, 114504 (2010).
[22] B. Blossier et al. (European Twisted Mass Collaboration),
Phys. Rev. D 82, 114513 (2010).
[23] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 81,
032003 (2010).
[24] J. H. Kuhn et al., Nucl. Phys. B778, 192 (2007); S.
Bodenstein et al., Phys. Rev. D 82, 114013 (2010); S.
Narison, Phys. Lett. B 693, 559 (2010); B. Dehnadi et al.,
arXiv:1102.2264.
[25] S. Godfrey and N. Isgur, Phys. Rev. D 32, 189 (1985).
[26] E. S. Swanson, Phys. Rep. 429, 243 (2006); S. L. Zhu, Int.
J. Mod. Phys. E 17, 283 (2008).
[27] S. J. Dong et al. (QCD Collaboration), Proc. Sci.,
LAT2009 (2009) 090; M. Gong et al., Proc. Sci.,
LAT2010 (2010) 106.
[28] D. Mohler and R.M. Woloshyn, arXiv:1103.5506.
[29] D. Arndt and C. J. D. Lin, Phys. Rev. D 70, 014503
(2004).
[30] J. A. Bailey et al. (Fermilab Lattice and MILC
Collaboration), Proc. Sci., LAT2010 (2010) 317.
[31] B. Blossier et al. (European Twisted Mass Collaboration),
J. High Energy Phys. 07 (2009) 043.
[32] J. P. Alexander et al. (CLEO Collaboration), Phys. Rev. D
79, 052001 (2009).
[33] B. I. Eisenstein et al. (CLEO Collaboration), Phys. Rev. D
78, 052003 (2008).
CHARM QUARK SYSTEM AT THE PHYSICAL POINT OF . . . PHYSICAL REVIEW D 84, 074505 (2011)
074505-11
